The power and efficiency of many-body heat engines can be boosted by performing cooperative non-adiabatic operations in contrast to the commonly used adiabatic implementations. Here, the key property relies on the fact that non-adiabaticity is required in order to allow for cooperative effects, that can use the thermodynamic resources only present in the collective non-passive state of a many-body system. In particular, we consider the efficiency of an Otto cycle, which increases with the number of copies used and reaches a many-body bound, which we discuss analytically.
Introduction -From a classical perspective, adiabatic processes are those that do not inject heat into the system [1] . Within the context of heat engines [2, 3] this means that by maximizing the energetic variation of an adiabatic driving protocol, the work output is optimized. Adiabatic processes are typically associated with slow transformations, where slow is defined in term of the system equilibration time, such that an adiabatic process could be actually quite fast, as long as the system is thermally isolated. At the quantum level, the question of the adiabatic process speed is answered by the quantum adiabatic theorem (QAT), e.g. [4] [5] [6] [7] [8] . The QAT warrants that a (typically slow enough) Hamiltonian transformation results in a quantum adiabatic (QA) process, defined by constant populations of time-dependent energy levels. However, for any unitary (and thereby isentropic) transformation, any energy difference resulting from it can be reversed and therefore does not involve irreversible losses.
In this letter, we show that many-body heat engines that violate the QAT by a non-QA (NQA) process during their isentropic strokes can have larger efficiency and power than their slow QA counterparts [9, 10] . Our results differ from other methods to increase the power or the efficiency [11] [12] [13] [14] [15] , because ours are based on the nonpassivity of the collective state for which QA transformations are suboptimal for work extraction and efficiency.
The analyzed effect can be understood from two basic properties of QA processes performed on an initially thermal system: i) for a single system an inhomogeneous shift of the energy levels [16, 17] produces a non-thermal state with zero ergotropy [18, 19] , i.e., for cyclic Hamiltonian modulations, its energy cannot be reduced by a unitary transformation. Thus, work cannot be extracted from it unless they are coupled to a non-equilibrium system (e.g. two thermal baths at different temperatures or chemical potentials) or the Hamiltonian is modified in a non-cyclic way. This state is called passive [20] [21] [22] ; ii) A collective state formed by many identical copies of a passive state may be non-passive [20] (see Fig. 1(a) ), i.e., it may have positive ergotropy and therefore extractable work.
In order to exploit the extra work that resides in the collective nature of the system, the Hamiltonian modulation should be a NQA process, allowing population transfers among different copies of the working fluid (WF), Figure 1 : (a) Multiple copies of a thermal state always create a collective thermal state. In contrast, multiple copies of a passive state may produce a collective non-passive state. (b) A non-interacting many body system undergoes an Otto cycle achieving suboptimal work extraction and efficiency. When interactions, denoted as f (t), are allowed passive states are created at B and D, reducing the energy at these points and increasing the work extraction and efficiency. The thermal reference states ωB and ωD bound the energy reduction and define the angles at points B and D that encode the restriction from the second law (see SI-B).
such that the collective state at the end of the isentropic stroke is passive. This strategy reduces the stroke time and increases the extracted work, thereby boosting both power and efficiency, which is still limited by the Carnot bound (see SI-A and B).
Passive states-We start by analyzing an isolated quantum system initially at thermal equilibrium that undergoes a QA Hamiltonian transformation. Assum-ing that the system has discrete energy levels, the initial population of level n is P n (0) = Z −1 e −βEn(0) , where E n (0) is the initial energy of level n, β = 1 k B T and Z is a normalization constant. If the energy levels are altered homogeneously (i.e., for every level E n (t f ) = qE n (0), where q > 0 is the same for all the levels and the process ends at time t f ), the final QA state would be a thermal state of the final energies, E n (t f ), but with inverse temperature β q , i.e., P n (t f ) = Z −1 e − β q En(t f ) . For a general modulation, the energy level scaling is not homogeneous. As it has been shown in [16] , for inhomogeneous energy level transformations classically inconceivable heat engines can be realized such as those operating with an incompressible working fluid. Under this type of transformations, the final state is not thermal but passive. In practice, passivity means that the state is diagonal in the eigenenergy basis and the populations of the levels decrease with the energy without necessarily following a Boltzmann distribution.
Quantum and classical systems can both be at passive states [23] , which we denote by an overbar (e.g.ρ). Nevertheless, their behavior drastically diverges when we consider several copies of the same passive state. For classical systems -having a continuous energy spectrum -a passive stateρ cl , whose two-copies-stateρ
is also passive, always produces a multi-copy passive statē ρ cl N = ⊗ Nρ cl . In contrast, quantum systems -having discrete energy levels -are different: ⊗ Nρ qm could be nonpassive independently of the passivity for N = 1, 2 [23] .
Quantum Otto cycle. -We study the Otto cycle [9, 10, 24, 25 ], see Fig. 1(b) , undergone by a WF. It has 4 stages: At point A its Hamiltonian is H A and its nth energy level is E A,n . The WF is at thermal equilibrium with the cold bath at inverse temperature β c , i.e., ρ A ∝ e −βcH A . The isentropic "compression" stroke connects A and B: The WF is isolated and the Hamiltonian becomes time-dependent. It generates the Hamiltonian H B , with tracked energies denoted by E B,n . Since we also consider NQA protocols, in general ρ B could have different populations than ρ A in the eigenbases of H B and H A , respectively. The second stroke, hot equilibration, involves a constant Hamiltonian and the coupling of the WF to a hot bath, with inverse temperature β h , until the WF reaches thermal equilibrium at the bath temperature. This point is denoted as C and ρ C ∝ e −β h H C with H C = H B . The third stroke is the isentropic "expansion", where the WF is isolated again, and the Hamiltonian H B is transformed to H D = H A in a reversed fashion. This stroke ends at point D, where the populations of ρ D in general differ from ρ C . The cold equilibration stroke closes the cycle by coupling the WF to the cold thermal bath until it thermally equilibrates with it, returning to point A.
The work per cycle is the exchanged energy during the isentropic strokes, i.e., (1) and the heats exchanged with the hot and cold bath are
The sign convention is that energy flowing in (out) of the WF is positive (negative). The efficiency is the ratio between work extracted (W < 0) and incoming heat, i.e., η = −W/Q h = 1 − |Q c |/Q h . Thus, a smaller heats ratio |Q c |/Q h , results on a larger efficiency, which is bounded by Carnot efficiency η C .
Performing QA transformations that homogeneously scale the energy levels by construction produces thermal states at the end of the isentropic strokes, which correspond to the minimal energy state of an isentropic process. In general, minimizing the energy at points B and D of the cycle optimizes the extracted work and efficiency. But if instead the energy levels are inhomogeneously scaled, the state of a many body WF after a QA transformation could diverge from the minimal energy state at constant entropy.
As shown in the SI-C, the full efficiency of the Otto cycle is given by Single copy protocol -To illustrate different aspects of Eq. (3), we consider first a simple example: a WF composed of a single three level system (qutrit, QT) with constant energy eigenstates {|0 , |1 , |2 } and Hamiltonian
where only the energy E 1 (t) is changed during the isentropic stages such that E 0 < E 1 (t) < E 2 . Thus, even though the energy levels of a single QT do not cross, the modulation corresponds to an inhomogeneous scaling of the energy levels. Further, since [H QT (t), H QT (t )] = 0, it is always a QA transformation, and the final states at points B and D are not thermal, but passive and efficiency is maximized.
Multiple copy protocol -Now we consider that the WF is composed of several copies of the same system. Even though during the Hamiltonian modulation the energy levels of the single copy of the WF do not cross each other, the collective energy levels may do so. If this is the case, QA transformations (no transitions between smoothly connected eigenvalues) result in a collective non-passive state at points B and D, even though the single system state is passive. We stress that Hamiltonians that only have time-dependent eigenvalues but constant eigenstates cannot induce transitions between the eigenstates and are therefore generically of QA type, regardless of the time-dependence in the eigenvalues.
As a concrete example, consider that -despite noncrossing single system energy levels -during the isentropic stroke two collective energy levels of the WF, E n={n1,n2,..} and E m={m1,m2,..} , cross each other, where n i and m j ∈ {0, 1, 2}. Particularly, assume that the collective Hamiltonian at the different stages of the cycle has the form
where H i QT (t) is the ith copy single system Hamiltonian (4), f (t) is an additional interaction which we explain later in details and H N (t ν ) = H ν for ν ∈ {A, B, C, D}. At times when f (t) = 0, the collective energies are combinations of the energies of the single copy, i.e., E n={n1,n2,...} = i E ni .
For our example, we assume that the isentropic compression stroke is composed of two substrokes. In the first, the first excited state energy of the single system evolves for t ∈ [t A , t AB ] (with t A < t AB < t B ) as a linear ramp
and remains at
(which does not depend on t AB ) for the rest of the full isentropic stroke. Since this substroke is always of QA type, to speed up the protocol, t AB → t A can be assumed. The reverse transformation is performed during the isentropic expansion. Since no population is transferred, the final collective state of the isentropic substroke is not passive.
To compensate for this, in a second substroke, an interaction f (t) between the QTs is activated after t AB for a time duration τ = t B − t AB . This interaction allows population transfer between energy levels | n and | m , producing a collective passive state at the end of the isentropic strokes for ideal swapping (see Fig. 2(a)-(b) ). Such population exchanges decrease the total energy and the quantum relative entropy D in Eq. (3). The energy difference between these final states and the corresponding non-passive states at the end of the QA processes (see Fig. 1(b) ) is an extra supplementary work based on cooperative effects that can only be extracted in NQA strokes. Both cases, perfect population exchange and QA protocol, are captured by the following choice for f (t) during the isentropic compression
where f (t) = 0 else and f (t)dt = π 2 . For τ → 0, the protocol (5) with f (t) exactly implements the swap between | n and | m populations, creating a passive state at point B. In contrast, for τ → ∞, (5) approaches a QA operation and populations stay constant. Then, since f (t A ) = f (t AB ) = f (t B ) = 0, the resulting state at point B is non-passive.
To simulate the cycle we solve the von-Neumann-Eq. with time-dependent H N (t) to get from A to B and from C to D, where in the last case we use the reverse Hamiltonian modulation. Figure 2 shows exemplary results of our approach for different limits of τ for a WF made by two (a-c) and three (d) copies. Figure 2 (a) demonstrates the τ dependency of the level swap operation at point B. For τ 1 the final level occupation | n = |1, 1 and | m = |0, 2 does not change in comparison to the protocol without swap, such that due to the presence of level crossing the state is not passive any-more (see 2(b)-right inset). In contrast, reducing τ the occupations of the levels | n and | m start to swap, yielding a perfect swap for τ → 0. In this limit, the total energy at point B is reduced and the state becomes passive (see Fig. 2(b) ). Fig. 2(c) shows the Otto cycle efficiency as function of τ . For the chosen parameters, for τ 1 the efficiency tends to the efficiency of the single copy engine or the two independent copies engine. In contrast, for τ → 0, cooperative effects between copies are included by our protocol, which perfects the swap quality, exchanges the corresponding level populations, giving a boost to the extracted work and efficiency, which increases up to 0.25 η c . This particular example could also be realized using a classical (continuous energy spectrum) WF. Nevertheless, the example shown on figure 2(d) does not have a classical counterpart and requires a quantum WF (discrete energy spectrum): In this last example, the WF is formed by three copies of the same system, such that its QA version for a WF composed of only single and double copy produces a passive states at points B and D. If the WF was classical, the three, four, etc. copies of the WF would result in a passive state and there would not be any enhancement when going from the QA to the NQA limit. An efficiency increase starting for a non-adiabatic three (or more) copies WF is therefore a signature of quantum behavior [17, 27] .
Size scaling -In order to explore the collective behavior, we analyze how the extracted work and efficiency scale with the size of the WF, parametrized by the number of copies N . Here, we do not limit the number of collective level crossings. If the QTs act independently, i.e., non-cooperatively (ncp), the extracted work is just N times the work of a single (sgl) copy W ncp = N W sgl . Because the heats have the same scaling (Q ncp h(c) = N Q sgl h(c) ) the efficiency is independent of the system size N in this case. For our protocol, this corresponds to QA protocols, where cooperative effects are suppressed. During QA cycles, ρ B,N and ρ A,N have the same populations given by the product state ∝ ⊗ N exp (−β c H QT (t A )) (as f (t A ) = f (t B ) = 0, the energy eigenbases of H A and H B are identical for our example protocol). Also ρ D and ρ C have the same populations given by the product state ∝ ⊗ N exp (−β h H QT (t B )) in QA cycles. This generates a linear energy scaling, typical for a non-cooperative behavior,
for ν ∈ {A, B, C, D}. According to Eq. (3), the efficiency would not change increasing N . But for the appropriate NQA modulation, cooperative effects produce passive collective states at B and D. For finite-size passive states the energy scaling is sublinear [26] , i.e., 
Conclusions -The lack of passivity of collective states represents a thermodynamic resource that, as we have shown, can be used to boost the work and efficiency of a heat engine when NQA operations are used during the isentropic strokes. When the WF is a multipartite system, it is tempting to look for indications of entanglement [26] in the transformation from the non-passive to the passive state. Nevertheless, in general this is not required [28] , although quantum discords may be actually needed [29] . In some cases, the non-passivity of the collective state [23] requires a quantum WF in order to boost the efficiency (see Fig, 2d ). Future research paths could explore the relation between quantum discords and the need of a quantum WF in order to boost the efficiency.
Supplementary information A. Carnot bound for perfect swaps
In this supplement we will prove that the efficiency of a quantum heat engine that involves the population swaps is still limited by the Carnot bound. Assume that N energy levels contribute to the work extraction,
(S1)
There are N different A nm and the sum is over n and m, which can take any value from 1 to N , as long as each energy level, that is E n (t A ) and E m (t B ), appears only once in the sum. Z i,t J = n e =βiEn(t J ) . An element with n = m indicates an energy level without population swap. If n = m, then the populations where swapped during the isentropic stages. In a similar way, we write the heat coming from the hot bath as
Notice that if N = 1 the work and the heat is composed of a single element,
The condition for work extraction, e.g.,
Under this condition Q 1h > 0 and the efficiency is limited by the Carnot bound
Notice that this proof is independent if the levels where swapped (n 0 = m 0 ) or not.
Next, we will use induction to prove that in the case where N levels contribute to work extraction, also the efficiency, η N , is limited by the Carnot bound. Assume
we calculate W N and Q N,h , which we define as
Now, we calculate if η N is larger than η C . For this, we write η N as
and look what is required for having x > 0.
By definition the incoming heat is positive, Q N −1,h + B n0m0 > 0. Then, in order to violate the Carnot bound (x > 0) we need
There are two cases that we need to consider:
βc ⇒ B n0m0 > 0, and Eq. S4 can be rewritten as
which is a contradiction because
For
βc ⇒ B n0m0 ≤ 0, Eq. S4 can be rewritten as
βc . Therefore, we can conclude that x < 0 and the heat engine efficiency is limited by the Carnot bound.
B. General Carnot bound
Denoting the complete time evolution operator transferring the system from A to B by U , we can express the work (1) as
Likewise, the heats from the hot and cold reservoirs (2) become
By adding all these contributions, we obtain the first law of thermodynamics for a cyclic process W + Q h + Q c = 0. Furthermore, the sole purpose of the whole construction is to extract work W AB + W CD < 0 by utilizing the incoming heat from the hot reservoir Q h > 0, such that we define an efficiency as
To estimate the entropic balance, we first consider that trivially, during the isentropic strokes the von-Neumann entropy does not change ∆S AB = 0 = ∆S CD . In contrast, during the equilibration strokes, the WF vonNeumann entropy changes due to the influx of heat from the hot reservoir or the outflux of heat to the cold reservoir
However, the second law of thermodynamics now dictates that the change of WF entropy is bounded (compare the angles in Fig. 1 (b) of the main text)
during the equilibration strokes. These inequalities can be explicitly shown for quite general maps (LindbladDavies maps [30] ) but also general unitary evolutions [31] . Now, the condition that for cyclic operation, the total WF entropy change must cancel ∆S BC + ∆S DA = 0, relates the heats with each other. From Q c ≤ β
The cycle efficiency can therefore be universally (i.e., protocol-independent) bounded by Carnot efficiency
This efficiency is hardly ever reached in actual scenarios.
C. Generalized efficiency expression
For general density matrices ρ ν at point ν ∈ {A, B, C, D}, see Fig. 1 in the main text, and Hamiltonians H ν = H N (t ν ), the heat exchange Q c and Q h from Eq. (2) can be re-expressed in terms of the quantum relative entropy between the actual state ρ and thermal reference states
Here, the reference temperature β
is unambiguously fixed via the (nonlinear) condition S(ρ ν ) = S(ω ν ) with S(ρ) = −Tr {ρ ln ρ} denoting the von-Neumann entropy of ρ. With this definition, we see that the standard quantum relative entropy can be expressed by energy differences between the actual state and the reference state
The heat exchange with the reservoirs can then be reexpressed using the corresponding reference states at each point of the protocol
Here, Q (ω)
denote the heat exchange with hot (cold) baths for thermal reference states, compare the axes in Fig. 1(b) in the main text. With Eq. (S14) the efficiency η yields
Note that there is a hidden dependency between the terms proportional to D(ρ B ||ω B ) and D(ρ A ||ω A ), which arises due to the second law that restricts the possible angles in Fig. 1(b) :
In the main text we assume that ρ A and ρ C are thermal distributions, thus they would coincide with the corresponding thermal reference states, i.e. ρ A = ω A and ρ C = ω C , and the corresponding relative entropies vanish. The equation above then reduces to Eq. (3).
D. Many-body limit of efficiency η cp
In the following we show that Eq. (3) converges for our protocol to a simple limit in case of infinitely many copies. For simplicity, we also assume a perfect swap after the level ramp, such that ρ B →ρ B and ρ D →ρ D . The swap exchanges the populations of all levels with crossing and will be represented by the unitary U (note the difference to Sec. B). Doing so, the system state just after the level ramp (first substroke)
A,1 is non-passive, where ρ A,1 denotes the single qutrit density matrix at point A of the Otto cycle. After the swap, it becomes passiveρ B = U ρ AB U † . Further, at point B a thermal reference state ω B (of N copies) can be defined with reference temperature β (w) B as explained in Eq. (S12). Since the Hamiltonian H B is additive due to f (t B ) = 0, this thermal reference state is just given by the tensor product of the single-qutrit reference states. Hence, the conditions in the work by R. Alicki and M. Fannes [26] are met.
In their notation, σ ⊗ N ρ denotes a passive state of N copies which was created by a unitary from a density matrix ρ, and ωβ denotes the (single-copy) thermal reference state of ρ with reference temperatureβ. From Eqns. (16) and (17) of their work we obtain that -for a non-interacting many-body Hamiltonian composed of N identical contributions H 1 each, i.e.,
-one can write
where we employ the notation o(x) to express that the remainder term grows slower than x, i.e., lim N →∞ o(N ) N = 0. Thus, the value for the energy in a passive state approaches the energy in the corresponding thermal reference state. Alternatively, this can be also seen combining Eqns. (20) and (21) of Ref. [26] . Applying this result to our notation we get consequently, 
where in the last step we have used that as before and after the swap both entropy and Hamiltonian are the same, the thermal reference states are equal: As the Hamiltonian at t AB and t B is non-interacting, they are thus tensor products of identical single-copy states, i.e., ω AB,1 = ω B,1 . Also, by construction, the quantity Q (ω) BC is extensive, since H B is additive, such that both the thermal reference state ω B and final state ρ C are product states. Thus, we obtain
and using similar arguments for the cold reservoir
In total, Eq. (3) simplifies in the many-body limit to
which corresponds to a system which reaches at each point in the protocol the thermal reference state. Naturally, this tightens the Carnot bound (S11) and shows that the thermal reference states are a useful concept.
E. Qubit implementation
For a number of qubits described by Pauli matrices σ i α with α ∈ {x, y, z} and i ∈ {1, 2, . . .}, we define the large-spin operators J α = 1/2 i σ i α and the corresponding ladder operators J ± = i σ i ± . The first is just the z component of the total angular momentum operator, and one can directly check that [J − , J + ] = −2J z . Furthermore, we introduce the angular momentum eigenstates as J z |m = m |m . Such large spin operators may arise in the fully symmetric subspace of two qubits, which naturally implements a qutrit. In this case we have J z = (σ 
